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Abstract 

The equations which determine the response of a spinning charged particle 
moving in a uniform magnetic field to an incident gravitational wave are derived 
in the linearized approximation to general relativity. We verify that 1) the 
components of the 4-momentum, 4- velocity and the components of the spinning 
tensor, both electric and magnetic moments, exhibit resonances and 2) the 
co-existence of the uniform magnetic field and the GW are responsible for 
the resonances appearing in our equations. In the absence of the GW, the 
magnetic field and the components of the spin tensor decouple and the magnetic 
resonances disappear. 



1 Introduction 

In recent years, there exists an increasing interest in problems related to the motion 
of spinning particles in the presence of external fields (e.g. gravitational and elec- 
tromagnetic fields). Thus, some interesting results related to this topic have been 
discussed by Mohseni et. al. [1,2,3]. Actually, they have discussed the motion of a 
classical spinning particle in the field of a weak gravitational wave (GW) and they 
found that the characteristic dimensions of the particle's orbits are sensitive to the 
ratio of the spin to the mass of the particle. 

The problem of spinning particle (s), in the frame of special relativity, has been 
discussed by Frenkel[4] and later on, Bargmann et.al.[5] extended Frenkel's work for 
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a spinning particle in the presence of an electromagnetic field. Karl Yee et al.[6] 
have obtained the equations of motion for the position and spin of a classical particle 
coupled to an external electromagnetic and gravitational potential from an action 
principle. 

The discussion of a spinning particle in the frame of general relativity goes back 
to Mathisson [7] and Papapetrou [8] (For a recent discussion on Mathisson's spin- 
ning electron equations sec also Horvathy [9]). Neglecting self-gravitation and back 
reaction they have endowed a particle with spin by considering a rotating mass en- 
ergy distribution in the limit of vanishing volume but with the angular momentum 
remaining finite. Later on the theory was clarified by Dixon [10] and developed by 
Ehlers and Rudolph [11]. 

Cho[12], using an energy- momentum tensor for spinning particles due to Dixon 
and Bailey-lsrael[13], developed the post-Newtonian approximation for n spinning 
particles in a self-contained manner following closely the procedure presented in the 
well known text book by Weinberg [14] . 

The motion of a classical charged massive spinning particle in the frame of general 
relativity in the presence of an external electromagnetic and gravitational field was 
extensively investigated by Dixon [15,16] and Souriau [17,18,19]. The dynamics of 
spinning test particles which are close to massive compact objects was investigated by 
several authors; this kind of investigation includes, generation of gravitational waves 
as spinning particles fall into black holes [20,21,22], chaotic behavior of spinning 
particles in certain space times [23,24,25] and numerical computations for orbital 
motions in Kerr background [26]. Interesting results regarding the interaction of 
spinning test matter with gravitational and electromagnetic waves have been obtained 
by studying the classical motion of the spinning test particles in plane gravitational 
and electromagnetic field solution to the Einstein- Maxwell equations [27]. Plane- 
fronted gravitational waves (pp- waves) have received some attention recently because 
of their high symmetry and the fact that gravitational plane waves are a subclass 
of pp- waves [28,2]. They are assumed to describe the gravitational field at great 
distances from the radiating source and they can be purely gravitational, purely 
electromagnetic or both, depending on the source. In such backgrounds scattering 
effects of spinning particles have been discussed from a different point of view by 
several authors [27,28,29]. 

Using Grassmann variables Barducci et. al.[30], Ravndal [31] and Rietdijk and van 
Holten[32] have obtained several interesting results related to the spinning particles. 
Actually, in a paper by van Holten [33], the constrain p"'Sab — 0, is satisfied by 
expressing the spin tensor Sab as a product of two Grassmann variables. In this case, 
the equations of motions are derived using a Dirac-Poisson brackets formalism. 

In this paper, we consider a charged massive spinning particle, in the Dixon- 
Souriau(DS) model[21], which includes spin-gravity terms and spin-electromagnetism 
terms as well (for an uncharged particle the model reduces to the well known Papa- 
petrou one). Following the strategy of Ref.(l), in the so called DS equations of motion 
and neglecting the spin-electromagnetism interaction terms [21,35], we determine the 
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response of a spinning charged particle in a uniform magnetic field to an incident GW 
and verify a strong coupling of the external fields (magnetic and gravitational fields) 
to the spin, producing resonaces. Those resonances may cause drastic enhancement 
in motion which may have interesting astrophysical applications. 

The paper is organized as follows: In Section 2, we present the so called DS equa- 
tion of motion and describe the components of the GW which disturbs the Minkowski 
space time with signature (—1, 1, 1, 1) . In Section 3, we consider only the case where 
A = 0. In other words, in the DS equations we neglect the spin-electromagnetic in- 
teraction terms and in the frame of linearized theory of gravity we obtain, for the 
spinning charged particle, solutions for the components of the 4-momentum, its 4- 
velocity and its space components x^^ in a coordinate system {t, x, y, z). In Section 4, 
we discuss the obtained results. 
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2 The DS Equations of Motion 

The equations of motion of a spinning test particle originally derived from Papapetrou 
[8] and later on reformulated by Dixon [10,15,16]. 

Souriau [18,19] derived the so called DS equations of motion of a spinning test 
particle with charge e in a given gravitational and electromagnetic background. These 
equations are [21]: 

^ = -n.vV - ^Kx,S"^v^ + eF^v^ - ^S^'^V^F,, (2) 

= -T'^^ v^SP" - r^^yS^P + {p^v" - p'^v'') + A(5^''F; - S^^Fl^) (3) 

where Greek indices take values 0,1,2,3, Latin 1,2,3, r is an affinc parameter across 
a word line L which is chosen as the proper time of the charged particle, v'^ is the 
4- velocity of the charged particle across the world line L, = / T^^^dV are the 
components of the 4-momentum of the spinning charged particle, F'^'^ is the electro- 
magnetic tensor, A is an electromagnetic coupling scalar and S^^" is the spin tensor. 
Unlike special relativity, p^ and v^^ are not generally proportional to each other. But 
it is well known that Eqs.(2) and (3) themselves, do not constitute an independent 
set of equations since they are less than the unknown quantities (3 components of the 
spin tensor are not determined). Therefore, several supplementary conditions have 
been used in the literature to remedy this problem [36]. Here we will adopt Dixon's 
condition [15] e.g. p^S^^ = 0(center of mass condition). 

To find the trajectory of the spinning charged particle, we need to know its 4- 
velocity. But there are no equations of motion for this purpose. However, we may 
obtain indirectly a relation between v'^ and p'^ from the following equation [1]: 



1 „ . 1 1 



S^'^F.pS^^F^u^)} (4) 



.2 



where p^ = mu^, p^p^ = —m , m is the mass of the particle and G = c = 1 



N ^ {1- A^A^^/^-^^ - 2A[A(f)A«5'*'^>S^ - (Fy^)A'^^^S'"'S^] 
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and 



+ X^d'AfAfS'^^'S^}-'''' (6) 

= (9) 

where a; stands for x = ^,a. Upon the consideration of the assumption(A = 0) 
(Pomeranskii et ah 2000 and references therein), we neglect particular terms in 
Eqs.(2),(3) and a simplified covariant model is obtained: 

% - -^IvV - IKx.S'^v" + eF^v^ (10) 

^_ = -v^ysp" - r'^^ys"" + {p^v" - fv*") (11) 



with 



and 



7V=[l_^^]-V2 (13) 



+ 4e2[F«,(77,^ + Kp)S^^u''] {F^aS'^^u'^) (14) 



In the next section, we discuss the above equations in the linearized theory of gravity. 



3 The DS-equations of motion in the linearized 
theory of gravity 

To understand the Eqs. (10-14) in the linearized approximation to general relativity, 
we decompose the metric in the fashion 

Qtiv = -n^j, + h^^ (15) 
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By imposing the condition 

iK - = (16) 

we reduce the vacuum field equations to homogeneous wave equations for all compo- 
nents of h*^. A coordinate transformation can now be effected to reduce the trace /i^ 
and the mixed components /ioa, to zero. The gravitational field is then described by 
a symmetric traceless, divergenceless tensor with two independent space components 
which, for simplicity, we call hi — h+ and /i2 = ^x- Thus, the square of the line 
element is 

ds"^ = {r]^u + h^u)dx^dx'' 

= -{dx^f + (1 + hi)dx^ + (1 - hi)dy'^ + dz^ + 2h2dxdy (17) 

where |/ii,/i2| ^ 1- We consider a plane GW which is characterized by the wave 
3- vector 

A;; = ^,(0,0,1) (18) 
and the two possible states of polarization given by 

hi = /iioe*('=«^-'^«*), h2 = /i2oe'^*^«^"'^«*^ (19) 

where hio, /120 are the amplitudes of the two components of the GW. 
We choose the electromagnetic field to be 



( 



V 






Hz 




\ 

-B^ 



/ 



(20) 



where the background magnetic field is constant e.g i?" = (0, 0, i?^) = const. (from 
now on — H). In this scenario, the metric is still a solution to the Einstein 

equations in vacuum, because we assume that the energy density of the magnetic 
field, is approximately zero(i.e. no effect of the magnetic field on either the 77^1^ or 

V)- 

We intend to discuss the electrodynamics of a spinning point-like charged particle 
with mass m, with an intrinsic angular momentum, in the presence of a uniform 
magnetic field across the z-axis, initially at rest with respect to the coordinate system 
in which the metric (17) is expressed. To achieve this task, a relation between the 
invariant proper time r and the coordinate time t is needed. In the absence of external 
forces, this relation may be found from the expression 



ds^ = {rj^i, + hfj_i,)dx^dx'^ = —dr"^ 



(21) 
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because in Einstein's theory of gravity, the word hnes of classical point particles in 
curved space times are time-like (see Ref. [33,34]. In the case we have external forces, 
we have to use the expression 

dT = dt[ LH^^— -]V2 (22) 

where v'^ is the total space velocity of the spinning particle. Looking at the Eq. (22) we 
would hke to make the following comments: a)The physical meaning of the Eq.(22) 
is that relativistic time dilation occurs for a spinning charged particle with non-zero 
magnetic moments in an external magnetic field, b) The structure of Eq.(22) results 
from the fact that and differ from each other, where r is connected with 
and where u^^ is normalized [33,34]. 

To make some further progress with the Eqs. (10-14), we decompose the particle's 
components of the 4- velocity, 4-momentum and spin tensor as follows: 



v^^v^ + vf^, p'^-p^+p'i, S^" S^'' + S'^'' (23) 

with Vi, Pi and Si'^ being of the same order as hfj_i^. 

Thus, from Eqs. (10-14) and with the aid of Eqs. (22-23) we obtain the following 
equations: 

3.a) Zero Order Equations 

dun e ,,„ „ p 



dt m 

dsr 



dt 



= -v'^'F^pv^ (24) 
m 

m«i;o^-«) (25) 



r I iV2ri _ g^^o ]-U2( u , 



where 



Ao = 1 + ^2^F^^So' (27) 

A^o = [F^aS^'u^o] [F.aVupS^^<] (28) 

We assume that the spinning particle initially is at rest, Uq = (1, 0, 0, 0), t'o ~ 
(1,0,0,0); then the condition Ph{q)Sq' — 0, implies that the zero order electric mo- 
ments of the spin-tensor vanish e.g Sq'^ — 0. After some straightforward calculations 
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and with the aid of Eqs.(22),(27) and (28) we find; Aq = 1 - ^(^) and, for the 
system (25), the following zero-order equations are derived: 

5*0^ = constant, Sq^ — constant, Sq^ — constant (29) 

3.b) First Order Equations 



dpi 
t 

dt 



= -ny.S^'^ - Vi^v^Si;'' + + P'lVo - Pov^ - P>o1 (31) 



where 



m^Ao 

+ 

e 



+ {F^aVupS^^O [F.aiSS'u'^ + SrK)] (34) 

and 

TVi, = -2ei?^,Ap[5o''^.,fl'5o^'«o(i^./3'5o^"'4') - S^'S^"u-oiF.aVu(^Sfu^,) (35) 

Because of the assumptions made in paragraph (3. a) and the form of the metric 
(17), the Eqs.(28),(33),(34) and (35) give the following results; A^o = ^la = = 

o,A, = Hh,,^Ai€y - (f )^] + 2/7,,.(f )(?)} - f (f ) 



^ = 0, ^ = (36) 
dt ' dt ^ ^ 

^ - ^vl = -2^[/^M.^o^-^ - h2,t.S','] (38) 
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""-"l _ ^[U Cl3 I I, c23 



and 



The Eqs.(23) give: 



dt 2 
dSf 1 



dt 2 



Ao 



1/2 



.,1 Cl2 1 cl2 c23 cl2 cl3 

„,i "i /I on \ , *-'o "-"o I, '-'o "^0 1 

^1 ^ T372 (-^ ~ ) 7372 "1,*^ "2,tz 

Aq 2Ao mm mm 

2 Cl2 1 Cl2 Cl3 



Q12 1 Cl2 Cl3 C23 

m 2An mm m 



,,3 1 CIS 023 023 

Aq Aq m m m 

O 023 



Aq' ?7t. m 



where comma means partial differentiation and Q — ^ \s the cyclotron 
We solve the Eqs. (36-45) and find: 



u\ = const., uf = const. 



and 



^3/2 

u\ — ° {[-Bio sin (kgz) + B20 cos (kgz)] [cos (^4^) — cos (cOgt)] 
+ [BiQ cos {kgZ) — B20 sin (kgz)] [sin (At) — sin {wgt)]} 



^3/2 

til = ^^{[-^10 sin (kgz) + B20 cos (kgz)] sin (Ai) 
— [BiQ cos (/^g-z) — B20 sin (/Cg-z)] cos (At)} 
+ ^^^j^^^^ [Bio sin (/cg^;) + B20 cos (/c^^;)] 

cos (0J„t) /, N ri /7 M 

+ — [^10 COS {kgZ) - B20 sm (/Cg^;)] 
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where 



2 m m 2Ao m m m 

, , U C23 Cl3 O Cl2 

2 m m Aq 



^0 



An^ rn " 



and 



ol2 

L>± = Q-2Q2(^)±cUgAo 



m 

From Eqs. (42-45) and Eqs. (46-48) we find: Vq — — const, and 



1 _ 2Q,(^^ 

= [ Fr^^]{[cos (At) - cos (ugt)] [B^o sin (kgz) + B20 cos (kgz)] 

+ [sin (At) + sin {ujgt)] [Bw cos {kgz) - B20 sin (fcg^)]} 



2Af/ m m m m 



^2 ^ [ ^^]{sin(At)[5iosin(A;^z) + S2oCOs(M] 

— [cos {At) — cos {u!gt)] [BiQ cos (/Cg^;) — B20 sin (fc^^;)]} 
1 _ 2n(^) 

+ [ D 1 sin (^9^) [^10 (^s-^) + ^20 cos (kgz)] 

I. 012 013 023 

+ ^(^)[(^)-(^)]/iioe^^^«^-'^«*) 
2Ao m m m 

^3 Q ^13 

= ^ - ZT^^^^^^"^ (^^)[^io sin (/c^z) + cos {kgz)] 

- cos (At) [BiQ cos (/cp^;) — S20 sin {kgz)]) 

+ — (— ){[cos (At) - cos(a;5t)][Siosin(A;32;) S20 cos (/Cgz)] 

-Z-/-|_ Trt 

+ [sin (At) + sin {ujgt)\[BiQ cos (/c^^;) - B20 sin {kgz)]} 

- — (— ) sin {ujgt)[BiQ sin (/c^z) S20 cos (/c^z)] 

- — (— ) cos {(jjgt) [BiQ COS {kgz) - B20 sin (/c^^)] 

-l/-^ 777- 

, .jL 013 023 013 023 

+ ^{^io[(^)' - (^)l + 2/i2o(^)(^)}e^^'=«^-'^«*) 
2Ao m m m m 
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Derivation of the spinning's particle trajectories: For such a particle, with 
given from the above equations, the trajectories with respect to the coordinate 
system we consider and the initial conditions t = 0, X^{t = 0) = are: 

= 1^ (56) 
^ 1 - _ !EKa][g,„3i, (k,z) + COS (k,.)] 

-/-/_!_ -/I ijjg 

+ [ + -r^^][Bw cos {kgz) - B20 sm (kgZ)]} 

Ug A 

Ah. Cl2 c23 ql2 cl3 

- ^e^'^11-e~''^^*][^io(^)(^)-^2o(^)(^)] (57) 



mm mm 



,,9 1 ~ 2r2(-"-) ^,sin (cUot) sin(At)^r„ x „ . /, m 

^1' = ^r^^f^^ ^][SioCOs(V)-^2osin(V)] 

+ [1:1^^1^] [5^0 sin {kgZ) + cos {kgZ)]} 

+ n ] [5^^ (fc^;,) + COS (fc,;.)] 

UJg 

Ah. 012 Ql3 q23 

- ^e^'^11-e-^'^^>io(^)[(^)-(^)] (58) 
2Ao' m m m 



and 



^1 = l^ + \Tr^—M 1-^ ^][5ioCos(V)-^2osm(V)] 

.1 - COS (At)^^^ . /, \ /, \n 

- [ J [BiQ sm [kgZ) + E20 cos [kgz)\} 

- -FT — [Bm sin {kgz) + S20 cos A;^^ 

\D_ m UJg 

. Vt .^n^,, ,rSin (At) sin(a;„t),.^ • /, \ /i \^ 

+ [7r(^)]"t[^-^ ^][Siosm(V) +S2oCos(V)] 

,1 — cos (At) 1 — cos (a;ot) , . „ /, x „ /, xn-, 
+ [ + ^^][5io cos (A;^^) - E20 sin {kgz)]} 

A Ug 

Ah. 013 023 013 023 

+ ^^^'^^[1 - e-'^'']{hio[{^f - i^f] + 2/.2o(^)(^)} (59) 
2Ao' m m m m 

Derivation of the spin equations: Integrating Eqs. (39-41) we find the compo- 
nents of the Si" tensor which are: 
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= -^[1 - 2n{^) - A^/^]{[^^ - ^^^] [B,o sin ik,z) + 5.0 cos {k,z)] 
A-cosiAt) 1 - COS (a;„t) , r n /, x ^ • /, xtt 

+ [ J^-^ + [5lO COS {kgZ) - Sm (kgZ)]} 

A UJg 

Ah. 0I2 o23 013 

" :(^)e"^^^[l - e-^'^«*][/.io(^) - /^2o(^)] (60) 



2Ao ''^^ mm 

^ = -^[l-2fi(^)-Af]{[i^^^^^][i?iosin(fc,^) + E2ocos(V)] 
- [5^0 cos {kgz) - B20 sin (kgz)]} 

+ [1 - 20(^) - A3/2]|[lz^^eiM] [B^o sin (^,^) + S20 cos {kgz)] 

+ [^^^%^][i^io cos (kgz) - B20 sin (fc,;^)]} 

UJgV+ 

iV. Cl2 013 Q23 

,e''^^[l - e-«*]/.io(^)[(^) - (^)] (61) 



2^3/2 mm m 



-±- = 7r^^)^[ A V^][5ioSin(A;,2;)+52oCos(V)] 

^1 — cos(^i) 1 — cos (a;oi) , r „ /, x „ /, 

+ [ J^-^ + ^^][SlO cos {kgZ) - B2O sin (kgZ)]} 

A LUg 

- ^(^){[^^^f^][S,osin(M + 520COS(M] 

- [ — — \[BiQCos{kgZ) - B2QSin[kgZ)\\ 

- — ^-^][BrosiYi {kgZ) + B20 cos {kgz)] 

D_ m UJg 

- — (— )[ ^—^][Bio cos [kgz) - B20 sm {kgZ}] 

Uj^ TTl UJg 

Ah Cl3 C23 Cl3 c23 

- T2e^'^11 - e-'-'^'MhAi—f - {—?] + 2/i2o(^)(^)} (62) 
2Ao m m m m 

= constant (63) 

m 



Cl3 1 0I3 023 

— = o[^io(^) + /i2o(^)]e''^^[l - e-^'^^*] (64) 
m 2 m m 
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and 



5f 



1 c23 ql3 

2 m m 



(65) 



m 



From the Eqs. (60-65) we verify that because of the GW we have non-zero first order 
electric and magnetic moments of the spinning charged particle and in the absence of 
the GW, all these components disappear. The electric moments particularly exhibit 

resonances because in the denominators of the Eqs. (60-62) appear the expressions 



^0 = 1- f ^, A = ^[1 - 20(^)] and D± = Q - 2n'{^) ± cu.Af, which 

^0 



become zero for certain values of the Larmor frequency Q = the ratio and 
angular frequency of the GW, ujg. We notify that while the electric moments of the 
spinning charged particle exhibit such an interesting behavior, the magnetic moments 
are independent from the magnetic field and the 5*0^ zero order component of the spin 
tensor. Also, for the same reasons mentioned above the Eqs. (53-55) exhibit resonaces. 
In the neighborhood of those resonaces the charged spinning particle gains energy from 
the GW and accelerates radiating. The above comments become more plausible by 
examining a special case of the Eqs. (60-65) and Eqs. (53-55) in the appendix . 
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4. Discussion 



Dealing with the interaction of a GW with a spinning particle in the presence of a 
uniform magnetic field in the linearized theory of general relativity, we found the 
following results: 

1) In the case where the GW and magnetic field are across the z axis, the com- 
ponents of the 4-velocity, 4-momcntum and the spin tensor S*^*^, exhibit resonance at 

^12 

= {^) (Ao = 0). Due to the co-existence of the constant magnetic field with 
GW, a strong coupUng between the frequency D, — ^ and the magnetic moment 
Sq'^ of the charged spinning particle occur. This coupling gives rise to the above 
resonance. 

Also, for the same reasons mentioned above, some other resonances appear in the 
Eqs.(47-48),Eqs.(49-51), Eqs. (53-55), Eqs. (56-59) and Eqs.(60-65) which are solutions 
to 4-order polynomial in terms of fi; D± = ^ 40^(^)2 - An^[ijj^{^f - 4^)] + 

L 9\ m ■' i 9^ m ■' 9 

2) It is interesting to notify that in the absence of the GW, the magnetic field and 
the components of the spin tensor decouple and the magnetic resonances disappear. 
In this case, where the GW does not exist (see ref.33 and references there in), the 
motion of a spinning charged point-particle of mass m and charge q is described in 
an 4-dimensional Minkowski space time by its position X^^{t), defining the particle's 
world line, its 4-velocity u^, which is tangent to the world- line and its polarization 
tensor 0^,^(1), an antisymmetric 4-tensor which combines the intrinsic magnetic dipole 
moment M( a pseudo 3- vector) with the intrinsic electric dipole moment d (a real 
3-vector) at every given point of the world-line through the relations Dij = -eijkMk 
and —iDi4 = di where (i, j, k) = 1, 2, 3. In the absence of external fields, the intrinsic 
dipole moments are found from the values of M and d (rest frame of the free particle) . 
Usually we are interested in charged particle with no intrinsic electric dipole moment 
in the rest frame of the free particle. This may expressed by the condition D^i^u" — 0. 
On the other hand, the polarization tensor is relate to an intrinsic angular momentum 
tensor 5'^i,(spin tensor) through the expression D^^, = {q/mc)S^i,. From the above 
mentioned equations we have the condition S^yU^ = 0. When this relation holds, S^^, 
is space-like with only 3 non-zero components in the rest frame of the free particle 
e.g. S^j^ — eijks'' and S^q^ = 0. Besides, we have to point out that in the case 
of the unperturbed Minkowski space-time the classical spin is introduced somehow 
indirectly, via the electromagnetic polarization tensor, because the empirical meaning 
of classical magnetic and electric dipole moments is clear. 

3) In the case that the GW does exist and in the hmit of the high frequency 
approximation [3 7, 3 8], the charged particle which initial is at rest, starts to have a 
combination of an orbital and spinning motion, described by the Eqs. (56-59) and 
Eqs. (60-65), respectively. The spin tensor 5*^*^ = S^'^ + Si'^ , exhibits electric and 
magnetic moments eventhough initially had magnetic moments only. Because of the 
Eqs. (39), the electric moments exhibit the same resonances as the components of the 
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4-momentum and in the neighborhood of those resonaces energy is transferred from 
the GW to the spinning particle. The magnetic moments do not depend neither on 
the magnetic field nor on the component S^^. Under these circumstances one could 
hope to detect such GW. 

A possible astrophysical environment where the interaction studied in this pa- 
per maybe be of relevance is the binary neutron star merger. In this scenario, two 
magnetized neutron stars merge, forming (if the equation of state allows it) a very 
massive, differentially rotating object and a possible low-mass disk around it (the ob- 
ject could survive for hundreds of seconds before collapsing to a black hole [39] . The 
magnetosphere of this object will be rotating rapidly and be filled with plasma, while 
near the object, gravitational waves of large amplitude will be emitted. It would be 
interesting to study the conditions under which the interaction studied in the present 
paper could lead to observable phenomena during such a binary neutron star merger. 

To make some further comments related to possible astrophysical application of 
the Eqs. (51-65), we have to consider the Pauli-Lubanski covariant spin vector formula 
Sa = l£pfMuaU''S'^'', which gives Sq'^ = Sq, Sq^ = -Sq, Sq^ = Sq and assume, for 
simplicity, that e.g. Sq = Sq = S, while Sq = 0, then some typical values for 
this scenario of some astrophysical importance may be met when, for example, the 
amplitude of the GW is /i ~ 10^^°, H f» lO^G, and for an electron one has roughly 
S lO^^^m [1]. Such conditions can be found around various compact objects, for 
example near neutron stars which posses a magnetic field of the order 10^ — lO^^G 
and emit GW due to ghtches or rotational instabifities excited by accretion (see 
Ref. [40,41,42]) 
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Appendix 

In the appendix we will present a special case of the Eqs. (53-55) and Eqs. (60-67). 

We assume z — and for further simplicity we obtain hio — h^o — ho and Sq^ — 0. 
Because of the assumption c — G — 1, kg — Ug. Now Eqs. (53-52) read: 



^2 c;,23 Ol2 

= ^^o(-^)[l-21^(-^)]{[cos(^,t) 

Z 1Ja_ Til Til 



Ql2 



+ [sin {uj gt) + sin {At)][l + 



-|- ho sin {ujgt) 



2A 



2/3 



^0 

023 012 

^_o_)(_o_) 



Ql2 

~ m 



)]} 



cos (^t)][l-^(^ 



m 



(66) 



^2 c;,23 ol2 Q c;'12 

= -^/^o(^)[l-21^(^)]{sin(At)][l--^(^)] 
lu^ m m Aq ^ 

+ [cos(ylt)-cos(a;,t)][l + ^(^)]} 

^2 o23 012 Q 012 

- /iosin (c^.t)^(^)[l - 2Q(^)][1 - -^(^)] 

^2 o23 ol2 

- hocos{c0gt)—^i^)i^) 

2Ao m m 



u 



+ [sin(a;,t)+sin(At)][l + -^(-^)]} 

Aq 

u"^ 923 

- /iocos(a;,t)^^(^)2 (68) 
2Ao' 

Also the Eqs. (60-67) become: 



001 ^2 023 012 

2L. = ^ho{^)[l-2Q{^- 
m 2D+ m ^ m ' 



- Af ]{[ 



|.sin(a;gt) sin (At) 



^ ^ 1 -(-os(^v/) ^ 1 - (-os(.4t) j^^ 



UJn 



012 



)]} 



/io sin (coigt) 



q23 q12 

— )( — 
2An 



][1- 



012 
^2/3 ^ - 



(69) 



16 



+ 



a; 



Ql2 



2D 

sin (At) 



^/io(^)[l-20(— 
m m 



_^3/2 



]{- 



COS {At) 



[1- 



O 



[1 + 



O 



sill {ujgt) 



20( 



Cl2 

m ' 



Afl{- 



- COS {U}gt) 
UJgD^ 



[1 



UJgD^ 

ho sin (a;gt) 



[1 + 



2/3 



2A, 



2/3 



Cl2 

m 

C23 Cl2 

m m 



Cl2 

^ m ' 



2D+ ""^m' ug A A^/' 

^ l-cos(M ^ l-cos(At) O^gg 

- hoSlYl{uJgt)^^{ — ) 

= const. 

m 

ql3 c23 1 c23 

— = = i^o(^)[l-cos(M] 

m m 2 m 
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